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ON C;,‘-SEMINORMS FOR GENERALIZED INVOLUTION
A. EL KINANI

1
Abstract: We consider algebras endowed with a generalized involution. We show that ||} isa
C* -seminorm, for every a p-seminorm Hp’ 0 < p £ 1, which satisfies the C* -property.
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An involutive antimorphism on a complex algebra F is a vector involution z —
z* ([1]) such that (zy)* = z*y* for every z,y € E. A vector space involution
z +— z* is said to be a generalized involution if either it is an algebra involution
(ie. (zy)* =y*z* for every z,y € E) or an involutive antimorphism. An algebra
p-norm on E is a linear p-norm |||, 0 < p < 1, satisfying |lzy|[, < |ll|, ll5ll,

for every z,y € E. A complete p- normed algebra will be called p- Banach algebra
Let (E, ||~Hp), 0 < p € 1, be a complex p-Banach algebra endowed with a
generalized involution £ — z*. An element a of E is said to be hermitian (resp.
normal) if @ = a* (resp. aa* = a*a). We designate by H(E) (resp. N(E))
the set of hermitian (resp. normal) elements of . We say that a p-Banach
algebra (E, It ||p) with a generalized involution is hermitian if the spectrum of
every hermitian element is real. We denote Ptak’s function on E by Pg that
is, for every a € E, Pg(a) = QE(aa,")% where gg is the spectral radius i.e.
oe(a) =sup{|A|: A € Spa}. Let (E, |||]p) 0 < p < 1, be a hermitian p-Banach
algebra with an algebra involution z —— z*. We show, as in the Banach case
(15]), that Pg is an algebra seminorm such that o < Pg and Pg(a)? = Pg(aa®)
for every a € E. Moreover RadE = {z € E : Pg(z) = 0}.

Taking into account the fact that in any p-Banach algebra (E, ||||p) we

have gg(a)? = lim ||a"||§ for every a € E. One can prove, as in {5], the following

result.

2000 Mathematics Subject Classification: 46K05, 461.05.



84 A.El Kinani

Proposition 1. Let (E, ||-||p) , 0 < p <1, be a p-Banach algebra with a gener-

alized involution z — z*. The following assertions are equivalent:
1) E is hermitian.
2) There is ¢ > 0 such that pg(a) < cPg(a) for every a € N(E).
3) or(a) < Pg(a) for every a € E.

Using Theorem 3.10 of 7] and the fact that the quotient of a p-Banach alge-

hra by a mrimitive idanl ia a mnrimitiva n_Ranash aloahera wa aan aviand Thanranm
Uia 0y a prinfiuive 1acal 15 a primiuve p-oaiialil alglora, wo Cail CXuliia 1 ncorein

4.8 p.19 of Kaplansky ([4]) to the p-Banach case as follows.

Theorem 2. Any real semi-simple p-Banach algebra, 0 < p < 1, in which every
square is quasi-invertible is necessarily commutative.

Let E be a complex algebra with an algebra involution £ — z*. A C*-
. . . . . - - 2
seminorm is a seminorm || on E which satisfies the C*-property |a*a| = |a|” for
every a € E. In [6] Z. Sebestyén has proved that every C*-seminorm is automat-
ically submultiplicative. In this paper we extend this result to the p-seminorm
case as follows.

Theorem 3. Let E be a complex algebra endowed with a generalized involution
s z*. If HP is a linear p-seminorm, 0 < p £ 1, on E such that

& v 12 o~ _ =
ja"al, = |a|, forevery a€E,

then [-IE is an algebra seminorm and the completion of E/Ker ||, is a C*-algebra.

Proof. Using the elementary algebraic identity

4ab= (b+ a*)*(b + a*) + i(b + ia*)* (b + ia*)
—{(b-a")*(b—a") —i(b—1a")"(b—1ia")

valid for every a,b € E, we obtain that
5
labl, < 4177 (|a"lp + |b|p) for every a,b € E.
So |ab|, < 42-P for every a,b € E with la*|, <1 and |b], < 1. This implies that

|abl, < 4°7P [a*|, [b], for every a,b€ E. (1)
Hence
|al, < 41-% la*|, for eyery a € E. (2)
According to (1) and (2) we get

ip

labl, < 4377 lal, 0], for every a,b€ E.
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Consider on E/Ker ||, the p-norm denoted by I, and defined by

| m(z)ll, = |zl, forevery z€E,

where 7 is the natural quotient ma onto E/Ker|.|,. Denote by E the
completion of the p normed algebra (E/K er ||y, |- Hp) The p-norm in E will
also be designated by |- ||,- Then we hav
lla*all, = ||a||: for every ac€ E (3)
and s -~
labll, < 4%~ |la|, |Ib]|, for every a,b€ E. (4)
For a € E, put
lllalll, = sup{llabll, - l|bil, < 1}.
We get an algebra p-norm on E such that
457 llall, < flallly < 4% % flall, for every o € E.
In the p-Banach algebra (E, ||||||,n\ with a generalized involution z —— z*, the
AN ) 7
spectral radius pg satisfies, for every a € N(E),
N 2-—-n+l.
~(a)? = li 2z
o5(a) lL’an la .
" 2—n+1
= lim ||a®
n P
= lim ’a"a‘znllz—n
il IS [
n 27"
=lim | (@*a)”" |
T | tip
= gﬁ(a*a)l’
Hence
og(a) = Pgla) forevery ac N(E), (5)
which implies in particular
on 2—n—l 1 A
05(a)’ = lim ‘H(a"a) ”l = la*all} = [la], for every a€ N(E). (6)
n P

By Proposition 1 the algebra ( E, |||-|||p) is hermitian and so

o5(a) € Pgla) forevery ac€ E. (N
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We consider first that £ — z* is an algebra involution. In this case we get by

(6) and (7)
1 -~
labll; < [[bb*(a*a)’bb*[|Z  for every a,be E.

Inductively, we obtain for every n =1,2, ...

—n

! (a*a)zn(bb‘)zn_1 iiz for every a,b€ E.
It then follows from (4) and (3) that
labll? < (457°P)2 " Jlal3 ]2 for every n=1,2,... and a,b€E.
Letting n tend to infinity, we obtain
labl|, < |ia||p Ibll, for every a,b G.E’.

Therefore
labl, < |al, |b], for every a,b€ E.

On the other hand Py is an algebra seminorm such that
P5(a)? = Pg(a*a) for every a€ E,

and by (6)
Iialli = QE(GG‘ P = PE(G)Z” *revery a€ E.

Thus
1 —~
Pz(a)=|lal7 * «very a€E.

1
This implies that || || » is an algebra seminorm. Moreover Pg is an algebra norm

on E which is equxvalent to ||-|| ,, and such that (E, P2 ) is a C*-algebra. Suppose
now that z —— z* is an mvolutlve antimorphism. We will show that in this case
the algebra E is commutative. Tt i is sufficient to consider the real p-Banach algebra
H(E) By (6) we have Rad(H(E)) = {0}. Since E is hermitian every square of
H(E) is quasi-invertible. Hence by Theorem 2 the algebra H(E) is commutative.
This completes the proof. |

Let £ be a complex algebra with a generalized involution z —— z*. We
define a Cj-seminorm as being a linear p-seminorm ||,, 0 <p < 1, on E such
that la*a|, = Iali for every a € E. If ||, is a Cp-seminorm, 0 < p < 1, then by

Theorem 3 || ;E is a C*-seminorm. Then we have the following result which is an
extension of Theorem 4 of [6].
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Corollary 4. Let E be a complex algebra with a generalized involution z —— z*,
I a x-ideal in E and ||, a Cj-seminorm on E. The following assertions are
equivalent:

1) There exists a C*-seminorm |-| on E such that |z| = I:L‘Ié for every
zel

2) For every a € E

sup{lablz , be I, [b], <1} < +oo.

Remark 5. If ||, is linear p-seminorm, 0 < p < 1, such that c|z*|,|z|,
|z*z|,, for every € E and some constant ¢ > 0, then |- | is not necessarlly
submultxphcatxve as the following example shows:

Let E = C([0,1]) be the algebra of all complex-valued continuous functions
on [0,1] endowed with the norm

1
i1, = / ()]t

and the involution f — f* = f. It is clear
F*Fll for everv f [ F? Rn{- 1.1l is not qn}\mn“ﬂnﬂnoﬁva

Hf*fll, for every (i-ll, 1s mot submultiplicative. Actua

linear norm for thch the product is not continuous.

Remark 6. Let ||, be a linear p-seminorm, 0 < p < 1 such that |z*z|,
clzl, |z*|, for every z € E and some constant ¢ > 0. The same argument used in

the proof of Theorem 3 shows that |a:| = max (]zl k| ) is a linear p-seminorm,

0 < p < 1, for which the product is continuous. It is not the case for ||, as the

following example shows:
T et p r‘ar\r\fc tha r‘Irarﬂ- sum C{[n
v

IVUL Liib Ui tvu ouw

involution in E by:

i1(f, 9)i = max (li fii o , flgll1) 5
(f1,91)(f2, 92) = (fi1f2, 9192),
(f7g)‘ = (g, f),
where

Ifllee = sup [F(B)l
tef0,1]

and

lgll, = / lo(t)]dt.

It is casy to verify that [|(£,9)* (£, )l < II(£, 9)ll (£, 9)*Il for every £,g € C((0, 1))
But the product is not continuous for ||-||
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