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BOUNDEDNESS FOR MULTILINEAR MARCINKIEWICZ
OPERATORS ON TRIEBEL-LIZORKIN SPACES

LANZHE Liu

Abstract: In this paper we establish the boundedness in the context of Triebel-Lizorkin spaces
for multilinear Marcinkiewicz operators.
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1. Introduction and results

Throughout this paper, M(f) will denote the Hardy-Littlewood maximal function

of f, @ will denote a cube in R* with side parallel to the axes, and for a cube

Q,let fo =[QI™" [, f(z)dz and f#(z) = sgg\Q[‘l jQ |f(y) ~ foldy. For >0
T

and p > 1, let F"pﬁ'°° be the homogeneous Triebel-Lizorkin space. The Lipschitz
space Ag is the space of functions f such that

= sun B+ 0] /11218 o s
”f”/\‘,— sup {Ah JAZ)| 11 < 09,
z,h€R™
h#0

where A¥ denotes the k-th difference operator (see [13)).

Fix A> 1,6 >0 and 0 < < 1. Suppose that S™"! is the unit sphere of
R™(n > 2) equipped with normalized Lebesgue measure do = do(z'). Let Q be
homogeneous of degree zero and satisfy the following two conditions:

(i) Q(z) is continuous on S™! and satisfies the Lip, condition on $™~!

(0 <y K1), ie
2(z") - Q') < Mz ", 2y €S
(i) fou_1 Q(z")dz’ = 0.
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We denote T'(x) = {(y,t) € R}™ : |z — y| < t} and the characteristic
function of I'(z) by Xr(s). Let m be a positive integer and A be a function on
R™ The multilinear Marcinkiewicz integral operator is defined by

N 1/2
i (f)(z) = [// (;\ A!F,A(_f)(x,y)lzdydfjl ,

[ ey \t ¥l =91 s
where o ) Ror(A )
FA z, =/ y—=z +1 y Iy Z d
t (f)( y) ly—zl<t |y_ zln_5_1 Il__ zlm f(Z) z
and .
Rmii(452,9) = A@) ~ 3+ D" AWz - v)"
Set

RO = [ e

We also define that

) = ( /]... () |Ft(f)(y)|2;igj§> "

which is the Marcinkiewicz integral operator (see [15]).

12
Let H be the Hilbert space H = {h: 1] = (ffRn+1 |h(t)|2dydt/t”+3) < oo}.
+

Then for each fixed z € R, F/(f)(x,y) may be viewed as a mapping from
(0, +00) to H, and it is clear that

Note that when m = 0, u’)\“ is just the commutator of Marcinkiewicz integral ope-
rator(see [15]). It is well known that multilinear operators are of great interest in
harmonic analysis and have been widely studied by many authors (see[2-5(8][12]).
In {10][13], Janson and Paluszynski obtain the boundedness of commutators ge-
nerated by the Calderén-Zygmund operator or fractional integral operator and
Lipschitz functions on Triebel-Lizorkin spaces. The main purpose of this paper is
to discuss the boundedness properties of the multilinear Marcinkiewicz operators

in the context of Triebel-Lizorkin spaces. We shall prove the following theorems

in Section 3.
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Theorem 1. Let 0 < d<n, 0 < <1/2, 1<p<n/d, 1/p—1/q=46/n and
DA € Ag for |o| = m. Then u{ maps LP(R"™) continuously into F*(R").

Theorem 2. Let 0 < § <n, 0< 8 <1/2, 1 <p<n/(6+8), 1/p—1/q =
(6 +3)/n and D*A € Ag for |a| = m. Then uf maps LP(R™) continuously into
Li(R").

Theorem 3. Let 0 < d <n,0<3<1/2,6+8 <n and D*A € Ag for |a| =m.
Then for any n > 0,

o € B™: uf (@) > g < CC D2 1D Alla Il il /m)™ @072,

la|=m

2. Some Lemmas

We begin with some preliminary lemmas.
Lemma 1. (see [13, Lemma 1.5}) Let 0 < 8 <1, 1 <p < 00, then

IRy ii?gngg |f(z) - fQidiEil

Lr

o~
~

1
supinf———/ [f(x) — cldz
€Q ¢ |Q|]+ﬁ/ﬂ Q Lo

Lemma 2.. (see [13, Lemma 1.5]) Let 0 < 8 < 1,1 < p < o0, then

1 1 1 oo \'P
WA AL NSZDWL\f(m)_fQ\dmNSng (qu\f(w) - fol dm) :

Lemma 3. (see [1, Lemma 2]) Let 1 <r <oo, § >0 and
1 i/r
M; » :vzsup(————/fy)rdy> :
é (f)( ) 2€Q IQII‘_t;T/n Q‘ ( ‘
Suppose r <p <n/§ and 1/q=1/p— &/n. Then ||Ms ()L« < Cl|flL>.
Lemma 4. (see {7, p.14]) Let Q1 C Q2. Then
|fo — szI < Cllfl|/'\ng21ﬁ/n'

Lemma 5.. (see {5, Lemma)]) Let A be a functionon R"™ such that D*A € Li(R™)

for |
1 1/q
Rn(A;z,9)| < Clz — y|™ (———— _ |D°‘A(z)|qdz) :
| |a|§=:m 1Q(z, )| /(=)

where Q(x,y) is the cube centered at z and with side length 5\/n|z — y|.

ull
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Lemma 8. (see |

-
=
®
(]
I
£
N
wW
o
[l

et Ta be the multilinear operator defined by

Tu(f) ) = / el

" oan «
‘(ﬁ‘i’ )/b dD

b q /l
(R™) to L(R™), that is

=1/p

S’
-
o+

Ta(fWlLe < C||f]|Le.

Lemma 7. Let 0 < < 1,0<6 < n, l<p<n/(B+8),1/a=1/p—(B+8)/n
and DA € Ag for |a| = m. Then uft maps LP(R") contmuously into Lq(R")
that is

Proof. Note that |z — 2| <2t, [y— 2| 2|z —2z| -t > |r— 2| -3t and |z — 2|
t(1 4+ 2541) < 2642,y — 2] > |z — 2| — 2543t when |z —y| < ¢, ly— 2| < ¢,
Iz —y|l < 2k+1t and |y — z| < t. By the Minkowski inequality, we get

ui (f)(z

[y — 2)[|Rm+1(4; 7, 2)[|f(2)] dydt}
R[L _[l t+|:1:—y|) /\( [y — z[r—6-1|z — z|m ) 2, t)tn+3J

1
2

[T

<C/|Rm+1 (42, 2)||£(2)] / / b \" xee®t)  dydt|
Il‘ — z|m t+ |£E — y| (|£II _ zl — 3t)2" 26-2 ¢n43
0 |z—yl<t
+C'/ lRm+1 (Asz, 2)|{ f(2)]
|z — z|™

B

T nA -n—-3
t Xr(z) (s t)t dydt
d
* /Z / (t + |z~ y|) (Jx — z| — 2k+3¢)2n~26-2 z

0 k= O2"L<|1 yl<2k+1¢
R4z 200 | T b
m+l T,z z
< d
C/ |z — z|m+1/2 [ / (|Jz — 2| - 3t)2n—25J g
|z—z|/2
| Rmy1(A; 7, 2} f(2)] [Oo —knA ok - 2kdt ]
A2 A —— | dz
/ I:L — zlm-’rl/l Lkz / 2 ( ) t ('.’L‘ _ zl — 2k:+3t)211—20J z
n =0p-2- klr z|
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C/ R (452, 2) ()], w/ R (A2, 21, [izknwr |

ICL‘ - Z‘m‘*’” 8 Ig; _ z[m-}—n 6
k=0

-C Mw(z”dz«,

‘:L‘ _ z|m+n-6

L i A e

iy

thus, the lemma follows from Lemma 6.

3. Proofs of theorems

f ) = Q(z0,1) and Z € Q. Let Q = 5/nQ
and A(z) = A(z) — Y (D“A)Q z%, then Rn(A4;z,y) = Rn(A;z,y) and
|a|=m

DA =DYA — (D*A)g for |a| =m. We write, for fi = fxg and fo= fXpugs

Proof of Theorem 1. Fix a cube @

F ()=, v)
_ / Qy—2) Rmi1(4;z,2) / Qy - 2) Rm(sz)f()
|

T s S TR = P
ly—z|<t ly—z|<t
L[ Q-2 (-2

Ll -zl —zm
lal=m 1y i<

then

(@) - 1 (f2) (o)

| ¢ nif2 M 4 nijz 5 |
”(m) F (Nl =l (m) F/(f2)(zo,y)

¢ ni/2 Rm(A,.’,E,)
(t+|$~y|) Ft( lx_'lm fl) (y)

v a (t+|:z~y|)MF (porin) @

le|=

(—t—)"m FA) (@) - (w——-i——)nm FA(f2)(0,)

t+ |z — yl t+ |zo — yl

=I(x) + II(z) + I1I(x),

+
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thus

g | 0@ - )iz dx
Q

=TI+ 11 +111.

Now, let us estimate I, I7 and III, respectively. First, for z € Q and z € Q,
using Lemma 2 and Lemma 5, we get

|Rm(A;z,2)| € Clz — 2|™ Z sgg\Do‘A(z)— (D*A4)g]
|aj=m*

<Clz—2™QI™ Y ID*Alia,,
|a|=m

thus, taking r,s such that 1 <7 <p and 1/s=1/r—é/n, by (L",L®) bounded-
ness of px (see Lemma 7) and the Holder inequality, we obtain

<C L ID*All4, A (f1)(z)ldz
P IQI/
<C > DAl a, llua ()] 1QI
|aj=m
e TN i A ot et iei—1/e
sC D P Al NNl
|ce}=m

1/r
<C ) [IDAlla, |Q|1 /|f (W) dy

la|=m
<C ) ||D“A||-A1,Ma.r(f)(z).
|al=m
Secondly, using the following inequality(see [13])
(DA = (D A)g) fxgllLr < CIQIV*A/|D* Al|5,, Ms.r(f),
we gain similarly to the proof of I, that
. 1-1/s
IT < 'Qw,n Y lua((DA = (D A)g) 1)l 1@
o] =m

<CIQITAM N (DA - (D*A)p) fullLr

fal=m

aval Hm
<C > |ID
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For 111, we write

r ¢ \nA/2 ¢ ,

Uy — 2} (A2, 2)fa(2)
Iy_z’n —d—1

(l‘-f— lx —yl |z — z|™ :L‘o—z[m

¢ nAf2 n,\/z r
(m) Ff(fz)(%@/)-(tﬂx ) A(f2)(zo, )

ly—z|<t

+ /( : .)"”2 Ty il (R (457, 2) = Rm(A; 20, 2)]dz

t+z-yl) Jy—2r w2
ly—zi<t
t )"*/2( t )"*’2] Ay — 2)Rm(A;20,2)f2(2) |
" / (t+lr—yl, 4 |zo -yl | =zt tme - 2|
Jly-zI<t

ni/2 o ni/2 o\«
(z — 2) t ) (zo z)}
—HZ a' / {(le—yl) |z — 2|™ (tﬂwo—yl |zo — 2z|™
=M Jy—z|<t
Oy — DA fa(2)
|y — 2|01

=TI+ T + 1113 + 1114,

z| ~ |zo — 2| for x € Q and z GR"\Q.Bytheconditionon

1
—— [ ||[11]|dx
Q1+,6/n/
Q| 2

/ \
C II—IQI -~
_ R (A;x, dz | dx
< EQ11+/3/"/ ( / I-’L'O _ z1m+n+]_5| ( z Z)“f(Z)l
Q Dn\f) /
o ‘iE—:EQ|
e ¥ Ay [ SR
la]= k= 02k+1Q\2k+1Q
a . —k—_
<C Y poals, 2 5 ) /If(z)ldz
|| =m k=1
26
<C 1D Alla, D27 Ms1(f)(@)
la|=m k=1

|
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11z, by the formula (see [5])

Rm(A;z,2) — R (4; 20, 2) = > Rm_|,,,(D A;z,20)(z — 2)"

[nf<m

and Lemma 5, we get

B (4;2,2) = Rm(4i20,2)] C 3 (DAl [QIF/™|z — zo]|z0 — 2™ 1.

laj=m

Thus

1

Rm(A R (4; zo,
|Q[1+ﬁ/" / / | Ijoz_ z|m+n( 5 o Z)I]f(z)ldzd:r

Q R™\Q
a I—x
<C > DAl Z | EEise
|lal=m 2k+1Q\2k t |
<C Y ID*Alls, 1QIP/™ Ms 1 (f)(&).
lal=m

For I1I3, by inequality o'/ —0/2 < (a—6)/2ifa>b>0, we gain

1

W=

92
/.- ., n)«,/')I_L' — Ig| /“XF(Z)(y,I)Uz(Z“ |Rm(A zg, )l dydt dzd
|QI”"’"/ / L [Ty s el

/

|Rm(A; 70, 2)|| f2(2)]|x — zo|1/2
< |Qp+ﬁ/n / dzdz

|zg — z|mtnt+1/2=6

<C 3 ID*All 22 *12Ms(f)(&)

la|=m

<C Y D Al|p, Mo (£)(3)-

la|=m
For 111, by Lemma 4, we get

|D%A(z) = (D*A) gl < |ID* A, |z0 — 2I°.



Boundedness for multilinear Marcinkiewicz operators on Triebel-Lizorkin spaces 81

Thus, similarly to the proof of III} and IIl3, we obtain

1
—————|Q[1+Wn/1|m4||dz

| |z — o!1/2

o r To| \ a Fron
|Qll+ﬁ/n/ L / \|z0_z‘n+1 5 + _z|n+1/2—6) | f2(2)]| D% A(z)|dzdz

<C ) ID*All; Z (2K 4 2D M, (1) (2)

ja|=m

<C ) IID*Allz, M5 ()(3).

lal=m

Thus
HISC ) (ID*Alla, Msa(f)(E)-

|al=m

We now put these estimates together, and taking the supremum over all @ such
that £ € @, and using Lemma 1 with Lemma 3, we obtain

168 (Nl we < C D 1IDAllg, NI f Lo
|la|l=m
This completes the proof of Theorem 1.

Proof of Theorem 2. By the same argument as in the proof of Theorem 1,
we have, for 1 <s<p and 1/r=1/s~46/n,

el / (@) - i (Fa)ao)ldz <C 30 1D Al (Masss (F) + Marsa ()

lal=m

thus
WAUN* <C D ID*Alla, (Marsr(f) + Ma+sa(f)).

lal=m

Now, using Lemma 3, we gain

e (Ollee < CNEL)) # 1|
<C Y‘ ID*All&, (IMp16r (s +1IMprs1(f)lLe) < Clf e

lal
This completes the proof of Theorem 2.
Proof of Theorem 3. First we prove the following estimate

1 (f)()] < L D= Alla, (0} M () +nf 2T FIAT (M F ()Y,
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for any m; > 0 and n/{(n—3d— ) < r. In fact, for the fixed the cube @ = Q(z, A1),
similarly to the proof of Lemma 6, we have

|/JA(f £C / If HRm—}—l A T, Z)'dz

|$ _ Z|m+n )

|f(3||Rm+1(A$Z)| _
_C / / dz=1I) + L.

27 _ zlm+n [

For k > 0 we put

Q) =AW~ Y (D Aoy

|aj=m

Then, by Lemma 5, for z € 27%Q,

|Rmi1(Ak;z,2)| < C Y [ID*Al[4, (27 %m)Plz - 2™

lal=m
Thus, by Lemma 5 and Lemma 6
o -
e AN [ |f(2)||Rm+1(Axs T, 2)]
hsC), / |z — z|mtn—s az
k=0, 2 kQ\2 k-1Q
] i)
<c Y ||D“A||A,,Z<2 R B
|a|=m 2-kQ\2-k-1Q
ey ||D°A||Aﬂ2<2 mfer [ e
lal=m Q—kQ\\g-k—lQ
<C Y D AllA T M(f) ().
|aj=m
For I, taking ¢ > 0 ¢ btha (n +5)/( —~4§~f) <r, wewriten—4§ =
( )/r+n/r’ —e/r —§, then, by Holder’s inequality,
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/ yr
/ |f(2)ldz / |[Rmy1(4; 2, 2)[\" dz
lx - z|n+5 |.’1) _ z‘n (6+5/r)r l"E _ Zlm

14

/T

<e ¥ oAl [ S [ i

laj=m k=0 Je—z| <2k

= |
kkz: 2k)\1 / |.’E _ :|n—(5+5/r)r’ }

2-*Q\27+-1Q

oo ij/r
Cc Y DAl (22*%;%@)@)) p tB T el
|

al=m k=0

1/r
( e ! ! \
| Soosramrarrt [ e

k=0 2_kQ\2—k_1Q
<C S DAl n MM @) T f
|aj=m
<C S DAl m AL (M) ()
|al=m

Thus, the desired estimate holds. Now we can prove Theorem 3. For any
n >0 and f € LY(R"), taking m = (3 ,=m |[D*AllA, [|fl|Lip~ )/ (=3-8) in
above estimate, we gain, by the weak type boundedness of M,

l{z € R™ : uf (f)() > n}|

< {mER":Mf(m)>

n
2czla,=m||DaA||Aﬁn‘f“’}

n
€eR": M >( ) }
{.’D f(x) 20 !D ) | 5+ﬁ /r! f /r

+
AN \ <Y Li|aj=m s J 7o
o a & n/r r r
<C > D Alla,n P /n+ C( Z D AHAﬂTI Homn ||f||1L/1 /M
laj]=m |=m
C( Y D Al fller /)™ =07 B)
lal=m

This completes the proof of Theorem 3.
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