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ON THE DENSITY OF SOME SETS OF PRIMES, V
KAZIMIERZ WIERTELAK™

Abstract: In the present paper we derive an asymptotic formula for Z 1, where k is

p<z, relp)=qr
a product of different odd primes, ¢- is the 7-th consecutive prime and ri(p) the least prime ¢
such that (ordpgq, k) =1.
Keywords: primitive roots mod p, cyclotomic fields

1. Let k be a product of different odd primes. For a prime p, we denote by ri(p)
the least prime ¢ such that (ord, ¢,k) =1.

In the following, the symbols u(l), ¢(l), w(l) and (o, B) denote as usual
the Mdbius function, the Euler function, the number of different prime divisors of
[ and the greatest common divisor of «, 8 respectively. By N and Ny we denote
positive integers whose all prime factors divide k; ! denotes a generic divisor of
k, po is the least prime factor dividing & and r = w(k), ¢» denotes the 7-th
consecutive prime, p and g denote generic prime numbers.

We denote by c;, 1 = 1,2,... numerical constants and by |A| the number
of elements of a finite set A. If p— 1 = Nt, where (t,k) =1, we write N ||p~ 1.

Moreover, let

N(z,k,q,) = Zl, m(z) = Zl.

pPSIT psT
re(P)=gqr

2. The purpose of the present paper is to prove an asymptotic formula for N(z, k,q,).

Theorem. If k is odd and = > expexpq,, k2 < %5 | then

log; =’
1
()
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N(z,k,q,) = B.(k) +O( 27 k3 ' (log, x)r+5>

@k)log" 'po log’z
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where

o -Ser(CYI(E ) e

qlk
and B.(k) > 0.

3. The proof of the Theorem will rest on the following lemmas.

Lemma 3.1. If p { ¢, then (ordpc,k) = 1 if and only if ¢ is an N-th power
residue (mod p), where N || p—1.

Lemma 3.2. Suppose € > 1. If M, (£) denotes the set
3

M (§) = {No : € < Ny < &g for each g|Np}
then .
log & )T_
M. < +1 . 3
Ml < r (B )

T AT

If N is an arbitrary natural number whose all prime factors divide k and
N > & then there exist a number Ny € M, (£) and a positive integer number m
such that N = mNy.

The first part of the lemma follows by induction. The proof of the second
part is obvious.
Let m,aq,...,a541 (s =0,1,...,7 — 1) denote arbitrary natural numbers.
Moreover, let
B = B(m,ay,...,as+1)
={p:p=1(modm),ay,...,as1: are: m-th power: residue: (modp)},

M(z,m,a1,...,a541) = »_ L.

P&
pEB

Lemma 3.3. With the notation of section 1, there exists a numerical constant ¢,
such that for £ > k we have

N(z,kg:) =Y > p(l) > M(z,Nid,,....¢ q\)

Ng€ lg”l—;l {61, 3C{1,2,...,7—1}
<c 277,( 10g§ )rnl max M(I NO q ) (4)
S Nlogpo ) Neemie 0T

where M,.(§) has the same meaning as in Lemma 3.2,

B; = By(z) = {p <z : (ordpq;, k) = 1}
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then
T—1
N(z, k,qr) =Y (-1)° > |Biy N By, N...N0 By, N Byl
s=0 {#1,..,i:}C{1,2,...,7—1}

For fixed N and s > 0 we write

AN :AN(x,qna---aQian-r)
={p<z:N|p-1.¢,,-.-,4.,q, are: N-th power residue (modp)}.

Since Ay NAn =0 for N # N', we have using Lemma 3.1

|BiyNBy,N...N B, NB,|= > |An]|
Ngz~1
=Y |An|+ D |An| = 51+ 5.

123

(5)

Hence from the first part of Lemma 3.2 and owing to the inequality k < ¢ we have

1 r—1
SQ<C]T< Og&) max M(xaNquT)'
log po Noe M, (€)

On the other hand, using the well-known Legendre principle we get

S = Z Z ﬂ(l)M(I’vaqiﬂ'"’qll's‘qi)'

NLE o2t
Iy

From (5) - (8) the result follows.

(7)

4. In the following we denote by K = K, the cyclotomic field generated by the

m-th root of unity %/1, and by R,, its ring of integers.
For o € R, and a prime ideal p of R, p1{ma], we denote by (%)

m-th power residue symbol.
For an ideal a of R, (a,{ma]) =1 we put

m

the
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Let ay,ag,...,a,41 denote arbitrary natural integers and M the product
of different prime divisors of the product ajas - ... - asy,. For given integers
Jug2, o ds+1, VS €<m, i=1,...,5+ 1 we define

J1 Jz Js+1
mJ W) for (o, [m2M)) = 1

\ /m .
otherwise.

From Lemma 27 of [3] it follows that x;, j,.. .jes1 18 a character of the group of
ideal classes mod m2M of the ring R,,. If m is odd then Xj1,j2r.mdaga CAONOL be
a real non-principal character (see [2] Lemma 6).

For a fixed 8 € R,, we put

m m

N(m,ay,... a6541) = Z Z 1 (9)

J1=1 Jeg1=1

jl, Js41_gm
ap et =8

and
S(z,m,a1,...,0541) = Z 1 (10)
Np<gz
ptlmar...asy]
(%) =1, j=1,...,5+1

m

where p runs over the set of prime ideals of the ring R,

Lemma 4.1. Suppose that t 2 1, 0 < a < 1, M = ¢;...q,, ¢co > 0 is an
arbitrary numerical constant and let c3 is sufficiently small numerical constant.
If

/[, \
3p)0 (VD log®™ x
((N1)*M) < exp ucz > 1) ) , (11)

logh z

then

S(I,leqa""’qﬁs’q‘lr)

= ]7\;(;_2)1 +O(xexp( (1,7c0 +1,2 \/_logTw log% )) (12)

where the constant in O depends only on ¢, cs, o, t.

The proof of the lemma follows from Lemma 5.4 of
that if k is odd, then N(NI, qZ

’
=1,....8, a1 = ﬂl cannot be a real non-
[REERLEES | qr

of 5] and Lemma 4.6 of [6]).

5]. It is enough to note
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Lemma 4.2. If the conditions of Lemma 4.1 are satisfied, then there exists a
numerical constant ¢4 depending only on cy,c3, o, t such that

! Uiy m(z)
| M(I,Nl,qll,...,Qisaqr) NS+IQ0(NZ)’

—a gt
< caTexp (—(1,7<:2+1,2)\/510ng zlog,* :c) . (13)

The Lemma follows from the formula

JNligh,..d ¢y = Sz, Nlg,....q,,d) +O(/z)
1 s T (,O(Nl) Y] ts T
and Lemma 4.1 (cf. Lemma 4.7 of [6]).
5. Proof of Theorem. We use Lemma 3.3 with & = k_llt(a)ggjz_x_
2

If the conditions of the Theorem are fulfilled, for Ny € M, (§) and sufficiently
large  we have

2
go(No)log(Ns*qT)seklog[(w‘*qr]s( s ) log z

c2+1/) logyz’
Moreover
ol(k) 110(1(;\
o(Ng) > NOY\Ic - é—\k_’

Hence owing to Lemma 4.2 for t =1, a =1, cp = 2 we obtain

1 &k T
< —
N X M (2, No,g-) < £ oh) () + ¢4 oz 2
K zlogdx
<es—x——. 14
S (k) logz (14)

From this estimate and Lemma 3.3 we have

N(z, k, q,)
r—1
=3 D whd (-1 ) M(z,Nig ..., ,q")
N g2 s=0 {i1,..is}C{1,2,..., 71}
+ O(m(2)R(z, k. gr)), (15)

where

277k (log, z)7t8
R(zx, k, = .
(@ 5a) ¢(k)log™ " po  log’z




126  Kazimierz Wiertelak

If the conditions of the Theorem are fulfilled, for N < ¢ and sufficiently
large x we obtain

2]
3 Cc3 ogx
©(N1) log (N1)*M) < (—) ,
3/ loghz
hence owing to Lemma 4.2 applied for N <&, t =1, a =1, ¢y = 2 we have

I 1ol ) z
A/[(xaNlaqila"')qu’qr) = m—]L-O(lOg“l) .

Hence, using (15) we obtain

1 p) (. 1N
(@) har) "ZZNW\H -¥)

Nk

.y ZN ( %) L O(R@kar) (16)

N>¢ Ik
= 51 + S2 + O(R(z, k,q.)).

If d is fixed and N is such that d|N, (N,k/d) = 1, we have the following

equality
~ N-!
Ncp H L4~ 1

Hence, for > 0

IPISCU (EEA

N>n Uk
(1-%)"" e
= 17
y oy Ll o
dlk N>n Ik
(N,k/d)=1
dN
L) — 1~ %)T-—l — g 2
= L N2 ll q- 1
d|k N>n q]%
(N,k/d)
d|N

Therefore, for n = ¢ we have

S2 < e6€?[Mo(€)] = O(R(z, k. 41)).
On the other hand, owing to (16) and (17) for n = 0, and owing to the last
estimate, we obtain

V@ kar) = B.(K) + O(R(z, k. 4.))

Finaly, from (17) applied for n = 0 we conclude that 3, (k) > 0.
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